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Abstract-The peristaltic flow of blood in small vessels is investigated in the paper by developing 
a mathematical model in which blood has been treated as a two-layer fluid where the core region is 
described by C&son model and the peripheral region is taken to be Newtonian viscous. Wave frame 
steady solutions for channel flow as well as axisymmetric Row are presented. Due care has been taken 
to consider the conservation of mass separately in the two layers. It is found that the higher the 
viscosity of the peripheral layer, the greater is the flow rate. Moreover, a thinner peripheral layer 
enhances the Row rate, whereas the flow rate reduces when the yield stress increases. It is further 
observed that the flow-rate in the case of a single layer is more than the two layer flow-rate when the 
peripheral layer is more viscous than the core layer. Besides, the flow-rate in the case of axisymmetric 
flow is always found to be much greater than that of channel flow under identical conditions. @ 2002 
Elsevier Science Ltd. All rights reserved. 
Keywords-Peristalsis, Blood, Plasma, Casson fluid, Newtonian fluid, Channel flow, Axisym- 
metric flow, Two-layer flow, Small vessels. 
NOMENCLATURE 
the dimensionless distance of the outer 
layer from the axis 
the dimensionless distance of the inner 
layer from the axis 
the dimensionless distance of the plug 
flow region from the axis 
the shear stress 
the yield stress 
the rate of strain 
the time scale 
the wavelength 
the wave velocity 
the pressure 
the Casson viscosity of the core layer 













the axial velocity 
the stream function 
the dimensionless yield stress 
the dimensionless time scale 
the dimensionless pressure 
the viscosity ratio 
the dimensionless axial velocity 
the dimensionless axial coordinate in 
the wave frame 
the dimensionless stream function 
the dimensionless axial coordinate 
the amplitude ratio of the peristaltic 
wave 
the axial coordinate 
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Channel flow case Axisymmetric case 
a the half width a the radius 
Y the transverse coordinate I- the dimensionless radial coordinate 
11 the dimensionless transverse P the radial velocity 
coordinate V the dimensionless radial velocity 
3 the transverse velocity 
V the dimensionless transverse velocity 
1. INTRODUCTION 
Casson (11 derived a semiempirical equation for the flow behaviour of varnishes and printing 
inks by assuming the presence of interparticle forces and disruptive stresses in chain like flocculus. 
Scott Blair [2] opined that the same description was applicable for blood flow, too. He used the 
available experimental results on human blood and plotted a graph of square root of strain-rate 
against square root of shear stress, which showed a remarkable linearity with a nonzero value 
for the intercept on the stress axis. Experimental data available for animal blood were reported 
to conform to this observation. Merrill et al. [3] adopted two different methods to obtain data 
for two different suspensions of red cells in plasma. All four sets of data displayed linear graphs 
having positive stress intercepts. Moreover, this model was found to be satisfactory over a large 
range of shear rates. Charm and Kurland [4] demonstrated that by using Casson’s equation, it is 
possible to extrapolate blood viscometry information obtained at shear-ranges of 5 to 200 set-’ 
to shear-rates of 10000 to lOOOOOsec_’ with less than five percent error. 
Although viscoelastic behaviour of blood was adequately taken care of in several previous 
investigations (cf. [5,6]), in view of the experimental observations discussed above, the Casson 
fluid model of blood seems to bear the potential to explore some important aspects of blood flow 
through small vessels. 
Bugliarello and Sevilla [7] and Cockelet [8] have shown, by carrying out experiments, that for 
blood flowing through small vessels, there is a peripheral layer of plasma, which is a Newtonian 
fluid, and a core region which is non-Newtonian, that can be regarded as a suspension of all 
erythrocytes. 
Apart from the pulsatile flow that is prevalent in the entire microcirculatory system, the vaso- 
motion of small blood vessels such as arterioles, venules, and capillaries also involves peristalsis, 
which is a mechanism by which transport of fluid takes place by the progressive transverse con- 
traction waves propagating down the wall of a tube. Although many of the previous investigations 
have been carried out for Newtonian peristaltic flows [9-121, a few reports of analytical studies 
on peristaltic motion of non-Newtonian fluids are also available in recent literature (e.g., [5,13]). 
Srivastava and Srivastava [14] made a particular reference to blood by considering the flow of a 
Carson fluid passing within a peripheral layer through a circular cylindrical tube of varying cross- 
section. However, their assumption that the interface and outerface distances bear a constant 
ratio violates the mass conservation separately in the two layers (cf. [15]). 
In physiological flows, the wavelength of the peristaltic waves is usually quite long, compared 
to the tube radius. Under this assumption, Shapiro et al. [9] considered an inertia-free peristaltic 
flow with infinitely long waves for Newtonian fluids. Jaffrin [16] subsequently calculated the next 
higher order terms in the expansion of the concerned quantities that involve higher powers of the 
Reynolds number and the wave number. On the basis of this study, he concluded that the zeroth 
order solution is sufficient for situations where Reynolds number and wave number have small 
finite values. 
The influence of a peripheral layer on peristaltic flow was considered by Brasseur et al. [15] for 
the case when both peripheral and core layers are Newtonian but have different viscosity. With 
an aim to examine the contribution of peristalsis on blood flow in small vessels, we intend to 
investigate the flow of a Casson fluid in a channel as well as in a cylindrical tube. In both the 
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cases, consideration of a Newtonian immiscible peripheral layer is made. The analysis is carried 
out by using long wavelength approximations, the effect of inertia being negligible. Solutions are 
presented in nondimensional form for the steady wave frame by imposing the condition of mass 
conservation in the two layers separately. The dependence of pressure rise and flow rate on various 
parameters, such as viscosity parameter, amplitude ratio, etc., has been studied extensively for 
a small physiologically relevant value of yield stress. Computational results for the two cases 
mentioned above indicate that the existence of a peripheral layer considerably affects the flow- 
field. 
2. MATHEMATICAL FORMULATION 
AND THE METHOD OF SOLUTION 
2.1. Two-Dimensional Analysis 
We consider the two-dimensional channel flow of a C&son fluid having a peripheral layer of an 
incompressible Newtonian viscous fluid (cf. Figure 1). The equations suggested by C&son [l] are 
where i is the shear stress, ;f the shear strain rate, %J the yield stress, and 1-1 the Casson viscosity. 
k-------B 
;>;, Cosson fluid 
I 
r-1 
-- ----__- H~nbsf ii% 
&____-_________i __________-_ --= 
Figure 1. Sketch of peristaltic transport of a C&son fluid having a peripheral layer 
of a Newtonian fluid in a channel or a tube in the laboratory frame. The fluids move 
from the left to the right in the direction of the wave propagation. The region within 
the solid lines (-) nearest to the centre-line is the plug Bow region. The layer 
for Newtonian fluid in the figure represents the peripheral plasma layer. The entire 
mass of the fluid surrounded by the peripheral layer forms the core region of C&son 
fluid. The outermost dashed lines (- - -) represent the mean position of the channel 
or the tube wall, while the dashed lines next to these give the mean position of the 
interface. l? and tic stand, respective!y, for the mean distances of the outerface 
and the interface from the centre-line. HP1 is the half width/radius of the plug flow 
region. ~1 and ~2 are, respectively, the Carson viscosity of the core layer and the 
viscosity of the peripheral layer. a is the half width of the channel/the radius of the 
tube. c is the velocity of the wave and X the wavelength. 
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Let us introduce the following set of nondimensional quantities: 
where c, A, a, and ~1 stand, respectively, for the wave speed, the wavelength, the half width of 
the channel, and the C&son viscosity of the core fluid; t^, 4, 6, P, Fe, and 6 represent dimensional 
time, stream function, velocities in the axial and the transverse directions considered as the axes 
of x and y, yield stress, and pressure, respectively, whereas <, r], t, $, U, V, ~0, and p are, 
respectively, the nondimensional counterparts of x, y, t^, 4, 0, v, +o, and fi. 
Infinite sinusoidal periodic wave-trains are supposed to propagate along the two walls of the 
channel and are given in the nondimensional form by 
H(E - r) = 1 + 4sin(< -t), (2) 
4 being the amplitude ratio nondimensionalized by a. The nondimensional equation of the 
interface is given by r] = H,([ - T). Th is is also periodic in nature and will be determined in 
the sequel from the expressions of the stream function. The semiwidth of the plug flow region is 
71 = J&J&$ - r). 
When the wavelength is large, the Reynolds number Re = a2cp/Xpi is quite small, and there- 
fore, inertial convective acceleration terms may be neglected in comparison with viscous terms. 
Thus, in view of the dimensional analysis, the governing equations for the two-layered flow reduce 




7&- =o, for 0 < 71 < E&r, 
(3) 
where p stands for the viscosity ratio (nondimensionalized by ~1) and is given by 
p= 
1 
1, for 0 IQ < H,, 
for H, < q I H, 
(4) 
CL, 
while ?O is given by 
E-J = 
{ 
TO, for 0 5 71 < H,, 
0, for H, < 115 H. 
(5) 
The boundary shape does not remain constant in the unsteady laboratory frame. We therefore 
require to move with the wave for steady boundary. For steady state wave frame solution, the 
transformations from the laboratory frame are as follows: 
C=E-7, 77 = 77, (6) 
u=u-1, v = v, P = P1 (7) 
$J=Q-% 9=Q--1=9c+9p, (3) 
where q is the total flow rate in the wave frame including the flow-rate qc of the core layer (which 
consists of both the plug flow rate qpl and the nonplug flow-rate qnpl) and the flow rate qp of the 
peripheral layer. a is the flow rate, averaged over one period, in the laboratory frame. Under 
these transformations, equations (3) reduce to 
d-1 _ _w o --70/e@ = , Hpl I q I H, (9) 
a% - = 0, 
a772 
0 F q F Hpl. 
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These equations will be solved, subject to the following conditions: 
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1cI =o, hl?l = 07 at 77 = 0, (19) 
$$ = -1, Q = 9, at 9 = H. (11) 
The solution of the system of equations (9)-(11) is given by 
Using (4),(5), and (11) in order to evaluate the double integrals appearing in (12), the stream 
function for the core and the peripheral layer fluids are found to be given by 
11, =-)1 _,+4p [ (H,2(<) - H;,(I)) + $$ (H’(S) - H:(C)) -t 270 (H(C) - H,dC)) 
-* ((A(Wc(C) + 70)~‘~ - MC)HpdC) + ~0)~12)] , 
3A(C) 
0 5 77 I Hplr (13) 
v2 + f$iK> v3 + 2Hp”l(I) 
2  HX)rl- 3 
+ Fv { H2K) - @(Cl} I - - 
3A(C) [ 
{A(Wc(C) + TO)~‘~V - {A(C)H,dC) + TO}~‘*H&) 
x2 { {A(C)V + 70)~‘~ 
5A(5) 
- (A(C)H,I(O + ~o}~/*}] , Hpt i q 5 H,, (14) 
+= -77 + 70 {H:(C) -H;&)) + F {Hi - Hit(<)} + y { H2(c)7 - v3 + 23H,3(<)} 
- A’;Afi [{AK)H&) + ~o13’*Hc(C) - {A(I)H&) + ~~0)~‘~ 
2 
’ Hp1 (0 5A(<) { {A(<)%(Z) + 700) 5’2 - {A(WMC) + TO}~/*}] , H, I rj I H. (15) 
A(C) can be determined from the expression (15) of the stream function by using the second 
of the boundary conditions (ll), which yields 
{n + H(C)) - 70 {f&C) - H;,(O) - $$ { C/J- W,3(5) { H3(C> - pH$(C)}} 
+$ [{A(i)HM + 70l~‘~HcK) - {A(C)&dO + ~o}~‘~H,~C) ( 
2 -- 
5A(I) { 
{A(WL(6) + rot 5’2 - {A(C)H&) + r,}‘i2}] = 0. 
The Interface 
16) 
The interface is determined by using the interface condition 
ti = qc : 77 = H,(C) (17) 
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in (15), which is given implicitly by 
{4c + Hc(C)l - TO {fm) - qa)} - y {H,3(C) - q!&)} - FH&) 
x {H2(C) - H3C)) + $g [ {A(C)Hc(C) + ~ol~‘~Hc(C) - {A(C)Hpl(C) + ~o}~‘~H,l(c) (18) 
--?- { {A(C)Hc(C) + 70)~‘~ - {A(C)Hpl(C) + TO}~~~}] = o. 
5A(C) 
Moreover, qc is assigned a particular value at H(0, rr, 27r,. . . ) = 1, H,(O, rr, 2?r,. . . ) = a, and 
Hpl(O, TT, 2n,. . . ) = /I, so that 
q1 = -a + To (cl” - /3”) + + (a” - /I”) + $ (1 - a”) (Y - $j [(Aoa + ~~~~~~ 
- (AoP + TO)~/~P - $ { (AOCY + TO)~/~ - (AoP + T,,)~/~}] , 
(19) 
where A0 = A(0, ?r, 21r,. . . ). 
For rs = 0 and Hpl = 0, the equations (14),(15),(17), and (18) exactly coincide with the corre- 
sponding equations derived by Brasseur et al. (151, whose analysis was based on the consideration 
that both the layers are Newtonian. From equation (3), we have 
aP 
- = -A((‘), x 
and therefore, the pressure difference Ap is calculated by integrating -A([) with respect to C 
over one cycle. The maximum pressure Aps is calculated from this by substituting 0 for the 
flow rate; the maximum flow rate can similarly be determined by setting the pressure term equal 
to 0. The pressure gradient as well as the interface can only be determined by using an iterative 
procedure. 
2.2. Axisymmetric Analysis 
Let the duct be taken to be a circular cylindrical tube and blood that flows in it be described 
as a two-layered fluid (cf. Figure 1) as in the previous case. The same sinusoidal train waves are 
considered to propagate along the wall of the duct. a is taken to be the radius of the duct, V the 
dimensionless radial velocity, and r the dimensionless radial coordinate. The governing equations 
in the wave frame are 
These equations are solved subject to the following conditions: 
$=O, (rhh = 0, at r = 0, 
lcrp = -H, $=$ at r = H. 
The corresponding stream function is determined from (20),(21), and the first of (22) as 
r2 A(C) 1c, = - -I+ 27o{Hc(C) - HpdI)}--- 2 I 
4P {(cl - Q%(C) + H2(C) - PH$(C)) 
-= { {A(C)WC) + 270)~‘~ - {&6)&r(C) + 2r0)~/~}] , 
3A(C) 





?I, = -; + : {H$(C) + 3r2H&) - 2r3} + $g [{(p - l)H,2(<) + HZ(C)} 7.2 
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-- ; {r” + H$(C))] - +$ [; { (4C)HJC) + 2~0)~‘~~~ - @(C)H&C) + ~T,,}~‘~H$(c)} 
2 -- 
5A(C) { 
{A(C)r + 270) 5’2 - {A(C)H,dC) + 270}~/~}] 
2 -- 
7A(C) 1 
{A(C)r + 2~0) 7’2 - {A(C)H,dC) + 2~0}~‘~}, H,llrlH,, (24) 
11, = -; + $ {H;(C) - H$(<)} + A(C) 16p {(P - l)H:(C) - PHIL + (2H2(C) - r”) r”} 
{A(C)Hc(C) + 270l~‘~H,2(C) - {A(<)Hpl(C) + ~TO}~‘~H;~(C)} 





{A(OHc(C) + 2700)~‘~ - {A(C)HdC) + 2m)7/2}] , HI I 77 I H. (25) 
A(C) is solved exactly in the same manner by applying the second of the boundary condi- 
tions (22) in (25). It is given implicitly as 








{A(C)HC(C) + r01~‘~Hc(C) - {A(C)H&) + ~TC,}~‘~H;&) 
(26) 
2 
-- {A(C)H,(C) + 270)~‘~ - 
740 { MC)H,~K) + 2~0}~/~}}] = o. 
The Interface 
Applying the interface condition 
at r = H,, (27) 
we obtain the corresponding expression for the interface as given below: 
H2(C) $+L 
2 - $ {H:(C) - H$(C)} - 2 {(P - 2)H:K) - PH$(C) + 2H2H,2(C)} 
+ z [; { {A(OHJC) + 2r01~‘~H:(C) - {A(C)H&) + 27,)3’2H;L(C)} 
2 (28) -- 
5A(C) { 




{A(S)H,(C) + 270)~‘~ - MC)Hpl(C) + 270}‘/~}}] = o. 
In this case, too, qc is assigned a particular value in the same manner as done in the case of the 
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channel flow. The expression for qe is given by 
Qc -= 
2 
-; + + (CX” - p”> + $ {(/J - l)a4 - /JLp4 + (2 - o”) as> 
-e [; {(Aoa+2TO) 3’2cx2(A,,p + 2~,-,)~/~82) 
-& {(Aoo+ro) 5’20 - (A&’ + 270)~/~@} 
- & { (A,,a + 27-0)~‘~ - (A& + 2r0)~/~}3 . 
(2% 
By putting 70 = 0 and HP1 = 0, our equations (25)-(27) and (29) reduce to those derived by 
Rae and Usha [17], who studied the axisymmetric flow for a two-layered fluid, both the layers 
assumed to be Newtonian. 
3. NUMERICAL RESULTS AND DISCUSSION 
For the computational work, we take the following value for yield stress of blood: ?O = 
0.04 dyne cme2 at 39% hematocrit [7]; peripheral layer thickness (average), 1 - (Y = 1.5 micron 
at 39% hematocrit [18]; Casson viscosity for the core region, ~1 = 3.5~~ at 39% hematocrit [7]; 
viscosity for the peripheral layer, ~2 = 1.2~~; radius of the ductlsemiwidth of the channel, 
a = 0.01 cm; wavelength, X = lO.Ocms; and wave velocity, c = lOcmssec_‘. Using these values, 
various nondimensional parameters are calculated as ra = 0.001143, o = 0.985, p = 0.343. 
For a flow such as the one taken up for our present investigation, Hpl < H, so that HP1 can 
be ignored for further examination. Also, since the value of 70 is quite small (as reported above), 
terms involving powers of TO higher than unity may be disregarded without any appreciable 
change in the desired accuracy. 
As indicated earlier, it is rather difficult to put forward explicit expressions for A( I), H,(c), and 
qc(0) for a complicated problem like the present one. However, their values have been computed 
through an iterative procedure by solving the equations (15),(17), and (18) for channel flow and 
their counterparts for the axisymmetric flow. 
Using the set of values given above for the different parameters involved in the analysis of the 
present mathematical model, the dependence of the pressure-flow rate relationship on p and cr 
has been studied when 0 5 a: < 1. The results of the present model (where the core region is 
considered non-Newtonian) are compared with the corresponding results when the core fluid is 
Newtonian. A comparison is also made between the results computed on the basis of the present 
analysis for different values of ~1. 
The interface which is a streamline in the wave frame of reference is given by equation (14). 
The viscosity ratio /J does have some effect on it, but for the values of the physiological parameters 
considered here, the effect is too small to produce any significant effect. 
The peristaltic pumping action of blood has been studied by integrating the pressure gradient 
-A(C) over one period. It is observed that the flow rate increases as the pressure difference across 
one wavelength decreases and vice-versa (cf. Figures 2-4). The maximum pressure difference is 
taken to be the pressure responsible to check the flow completely. Similarly, the maximum flow 
rate is the rate of flow when the pressure difference across one wavelength is zero. The effects of 
the viscosity ratio as well as the peripheral layer thickness have been examined on the pressure- 
flow rate relationship. 
In order to study the effect of the viscosity ratio II, the various parameters have been fixed 
as 4 = 0.3, TO = 0.0011, and (Y = 0.985. It is found that the flow-rate and the corresponding 
pressure difference diminish as p is decreased from 1 to lower values in both the cases of channel 
flow and axisymmetric flow. However, it is revealed that the same viscosity ratio corresponds to 
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Figure 2. Dependence of the flow-rate and the pressure difference relationship on 
the average thickness of the peripheral layer in the cases of (a) channel flow, and (b) 
axisymmetric flow in nondimensional wave frame. In both cases, p = 0.3, 4 = 0.3, 
To = 0.0011. 
much higher values of maximum pressure difference and the flow rate in the axisymmetric case 
(cf. Figures 2a and 2b). 
The effect of the average peripheral layer thickness (i.e., 1 - o) has been investigated for 
I_L = 0.3, $ = 0.3, and re = 0.0011. It is found that a lower value of o corresponds to a lower 
value of maximum pressure difference in both the cases considered here. The pressure difference 
and the flow rate are much higher in axisymmetric case compared to channel flow for the same a. 
Figures 4a and 4b display the how behaviour and its dependence on average peripheral layer 
thickness (1 - cr) for plane and axisymmetric cases, respectively. 
The effect of the yield stress is examined by varying it in the neighbourhood of the available 
data. Other parameters are held unchanged at p = 0.3, 4 = 0.3, and a: = 0.9. It is observed that 
the maximum pressure difference and the flow rate are lowered for higher values of yield stress. 
Besides, the axisymmetric flow-rates are relatively less affected by a change in the yield stress 
(cf. Figures 4a and 4b). 
The amplitude ratio affects the pressure-flow rate relationship most. For zero flow rate, the 
maximum pressure difference increases very sharply with 4. As 4 tends to unity, the pressure 
difference becomes indefinitely large. Although this trend is observed in both the cases, the 
pressure difference becomes indefinitely large more rapidly and for smaller values of amplitude 
ratio 4 in axisymmetric flow (cf. Figures 5a and 5b). It is worthwhile to mention here that our 
observations reported above are in conformity to those of Brasseur et al. (151, who studied a 
similar problem by treating the core region also as Newtonian. 
4. CONCLUDING REMARKS 
In the case of blood flow through small vessels, the shape of the interface is not significantly 
affected when the viscosity of one of the two layers is varied with respect to the other layer. 
Computational results reveal that the flow rate is maximum when the viscosities of two layers 
are equal. The flow rate diminishes when the viscosity of the peripheral plasma layer is lowered. 
This is in contrast to the conclusion of Srivastava and Srivastava [14], who observed that in the 
laboratory frame, the flow rate is enhanced when the peripheral layer viscosity is reduced. (As 
mentioned earlier, their analysis was based on a wrong assumption that the width of the core 
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Plane flow 
(b) 
Figure 3. Dependence of the flow-rate and the pressure difference relationship on 
the viscosity ratio p in the cases of (a) channel flow, and (b) axisymmetric flows in 
nondimensional wave frame. In both the cases, p = 0.3, a = 0.985, ho = 0.0011. 







layer bears a constant ratio with the diameter of the tube.) There seems to be a tendency of 
higher flow rate when the peripheral layer is more viscous than the core layer. 
0 0.05 0.10 0 0.10 0.20 03C 
8--c Ti- 
(a) (b) 
Figure 4. Dependence of the flow-rate and the pressure difference relationship on 
the yield stress ro in the cases of (a) channel flow, and (b) axisymmetric flows in 
nondimensional wave frame. In both the cases, p = 0.3, 4 = 0.03, (Y = 0.9. 
Another important conclusion that can be drawn from the present study is that the thinner 
the peripheral layer, the greater is the flow rate. 
From the relationship between the amplitude ratio and the maximum pressure difference, one 
may conclude further that for higher amplitude ratio, more pressure is required to restrain the 
flow. 
On the basis of the observation that the yield stress causes resistance to flow, one is led to the 
conclusion that the flow-rate is lowered whenever there is an increase in the yield stress. This is 
in agreement with the fact that in the absence of the plug-flow region, the flow-rate is enhanced. 
Lastly, the significant quantitative differences found in the comparative study of the channel 
flow and the axisymmetric flow imply that for a physiological flow which is axisymmetric, the 












Figure 5. Dependence of the amplitude ratio and the maximum pressure difference 
relationship on the viscosity ratio p in the cases of (a) channel flow, and (b) axi- 
symmetric flow in the nondimensional wave frame. In both the cases, CY = 0.98, 
7o = 0.0011. 
approximation by considering channel flow can only give some idea of the trends of variations of 
various quantities with different parameters. However, such an approximation is liable to give 
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